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ALMOST UNIVERSAL TERNARY SUMS OF
PENTAGONAL NUMBERS
HAI-LIANG WU
Abstract. For each integer x, the x-th generalized pentagonal number
is denoted by P5(x) = (3x
2 − x)/2. Given odd positive integers a, b, c
and non-negative integers r, s, we employ the theory of ternary qua-
dratic forms to determine completely when the sum aP5(x)+2
rbP5(y)+
2scP5(z) represents all but finitely many positive integers.
1. Introduction
Given an integral positive definite ternary quadratic form f(X1, X2, X3),
it is well known that there are infinitely many positive integers that can
not be represented by f over Z. For example, the famous Legendre three-
square theorem shows that every positive integer in the set {4k(8l+7) : k, l =
0, 1, · · · } can not be represented as the sum of three squares. Hence many
mathematicians started to investigate inhomogeneous quadratic polynomi-
als. In particular, quadratic polynomials involving polygonal numbers have
many interesting properties. For each integer m ≥ 3 and integer x, the x-th
generalizedm-gonal number is denoted by Pm(x) = ((m−2)x2−(m−4)x)/2.
Fermat conjectured that every positive integer n can be written as the sum
of m generalized m-gonal numbers, i.e., n = Pm(x1) + · · ·+ Pm(xm) always
has integral solutions. The case m = 3 was confirmed by Gauss. The case
m = 4 was proved by Lagrange and this is known as the Lagrange four
squares theorem. The case m ≥ 5 was totally resolved by Cauchy (cf. [17,
pp. 3–35]).
In this line, Liouville studied the quadratic polynomial aTx + bTy + cTz,
where Tx = x(x + 1)/2 is the x-th generalized triangular number. And in
1862 he succeeded in determining all triples of positive integers (a, b, c) for
which the sums aTx + bTy + cTz represent all positive integers.
In 2010, Kane and Sun [12] investigated the mixed sums of squares and
triangular numbers that can represent all but finitely many positive integers.
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This work was later completed by Chan and Oh [2] and Chan and Haensch
[3]. Recently, Ju [11] showed that given a quadratic polynomial a1P5(x1) +
· · ·+ akP5(xk) with a1, · · · , ak positive integers, it can represent all positive
integers if and only if it can represent 1, 3, 8, 9, 11, 18, 19, 25, 27, 43, 98, and
109.
Motivated by the above work, in this paper we focus on the ternary sums
F(x, y, z) = aP5(x) + 2rbP5(y) + 2scP5(z),
where a, b, c are positive odd integers and r, s are nonnegative integers.
For convenience, a quadratic polynomial is called almost universal if it can
represent all but finitely many positive integers over Z. For the recent work
on almost universal quadratic polynomials, readers may refer to [2, 3, 8, 9,
10, 12, 16, 22, 23, 24].
Throughout this paper, we assume that the following condition (∗) is
satisfied:
(a, b, c) = 1, 0 ≤ r ≤ s, and (6, a+ 2rb+ 2sc) = 1. (∗)
In this paper, for each prime p and an arbitrary p-adic integer x, the symbol
νp(x) denotes the p-adic order of x. Also, for an arbitrary positive integer
y, the square-free part of y is denoted by sf(y). Now we are in the position
to state our main results. We have the following results.
Theorem 1.1. Suppose that F has no local obstruction, and assume 0 <
r < s. Then F is not almost universal if and only if all of the following are
satisfied:
(i) 2 | ν3(abc), r ≡ s (mod 2), s ≥ r + 3 ≥ r ≥ 2, and a ≡ b (mod 4).
(ii) Every prime factor of sf(abc) is congruent to 1 modulo 4.
(iii) ν3(a(2
rb+ 2sc)) ≡ ν3(b(a + 2sc)) ≡ 0 (mod 2).
(iv) sf(abc) ≡ a + 2rb+ 2sc (mod 24), and the equation
24F(x, y, z) + a + 2rb+ 2sc = sf(abc)
has no integral solutions.
Theorem 1.2. Suppose that mathcalF has no local obstruction, and as-
sume that r = s > 0 and 2 ∤ ν3(abc). Then F is not almost universal if and
only if all of the following are satisfied:
(i) r ≡ ν2(b+ c) ≡ 0 (mod 2).
(ii) Every prime factor of sf(abc) is congruent to 1 modulo 3.
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(iii) ν3(a(b+ c)) 6= ν3(b(a + 2rc)), and
a(b+ c)/(3ν3(a(b+c))) ≡ b(a + 2rc)/(3ν3(b(a+2rc))) ≡ 2r (mod 3).
(iv) sf(abc) ≡ a + 2rb+ 2sc (mod 24), and the equation
24F(x, y, z) + a + 2rb+ 2sc = sf(abc)
has no integral solutions.
To state the next result, for any positive integer x, the odd part of x is
denoted by xo.
Theorem 1.3. Suppose that F has no local obstruction, and assume that
r = s > 0 and 2 | ν3(abc). Then F is not almost universal if and only if all
of the following are satisfied:
(i) a ≡ b ≡ (b+ c)o (mod 4), r ≥ 2, and ν2(b+ c) 6= 1, 3.
(ii) Every prime factor of sf(abc) is congruent to 1 modulo 4.
(iii) ν3(a(2
rb+ 2sc)) ≡ ν3(b(a + 2sc)) ≡ 0 (mod 2).
(iv) sf(abc) ≡ a + 2rb+ 2sc (mod 24), and the equation
24F(x, y, z) + a + 2rb+ 2sc = sf(abc)
has no integral solutions.
Now we consider the last case, i.e., r = s = 0. By the symmetry of a, b, c
in this case, we may further assume b ≡ c (mod 4). We will see below that
if F has no local obstruction, then F is always almost universal.
Theorem 1.4. Suppose that F has no local obstruction, and assume r =
s = 0. Then F is almost universal.
In Section 2 we shall introduce some notations and make some prepara-
tions for our proofs. The detailed proofs will be given in Section 3.
2. Notations and Some Preparations
In this paper, we adopt the language of quadratic spaces and lattices. Any
unexplained notations can be found in [1, 13, 19]. Let p be an arbitrary
prime. We first introduce the following notations.
• Q×p = {x ∈ Qp : x 6= 0} and Q×2p = {x2 : x ∈ Q×p }.
• Z×p = {x ∈ Zp : x is invertible in Zp} and Z×2p = {x2 : x ∈ Z×p }.
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Let (V, b, q) be an arbitrary positive definite quadratic space over Q with
symmetric bilinear map b and associated quadratic map q. Given an arbi-
trary Z-lattice N contained in V , we write N ∼= A if A is the gram matrix
for N with respect to some basis. Furthermore, an 3 × 3 diagonal matrix
with a1, a2, a3 as the diagonal entries is abbreviated as 〈a1, a2, a3〉. We also
define
• q(N) = {q(w) : w ∈ N} and q(Np) = {q(u) : u ∈ Np}.
A vector u ∈ Np is called primitive if p−1 · u 6∈ Np. A vector w ∈ N is said
to be primitive if it is primitive in Np for all primes p. We now define the
following notations.
• q∗(Np) = {q(u) : u is a primitive vector in Np}.
• q∗(N) = {q(w) : w is a primitive vector in N}.
For an arbitrary positive integer t, we say that t can be represented by
gen(N) if there is a lattice N ′ ∈ gen(N) such that t ∈ q(N ′). When this
occurs, we write t ∈ q(gen(N)). Similarly, t ∈ q∗(gen(N)) means that there
is a lattice N ′′ ∈ gen(N) such that t ∈ q∗(N ′′). Also, when this occurs, we
say that t can be primitively represented by gen(M). By [1, Theorem 1.3,
p. 129 and Theorem 5.1, p. 143] we know that
t ∈ q(gen(N))⇔ t ∈ q(Np) for all primes p.
and
t ∈ q∗(gen(N))⇔ t ∈ q∗(Np) for all primes p.
Meanwhile, we say that t ∈ q(spn(N)) if there is a lattice N∗ ∈ spn(N)
such that t ∈ q(N∗). When this occurs, we say that t can be represented by
spn(N). Similarly, we say that t can be primitively represented by spn(N) if
there is a lattice N∗∗ ∈ spn(N) such that t ∈ q∗(N∗∗). When this happens,
we write t ∈ q∗(spn(N)). For convenience, for each positive integer n we let
• l(n) = 24n+ a + 2rb+ 2sc.
We first consider the global representation of n by F(x, y, z). One can easily
verify that n can be represented by F if and only if there are x, y, z ∈ Z
such that
l(n) = a(6x− 1)2 + 2rb(6y − 1)2 + 2sc(6z − 1)2.
Let (V, b, q) be a ternary quadratic space over Q with an orthogonal basis
{e1, e2, e3} satisfying
q(e1) = a, q(e2) = 2
rb, and q(e3) = 2
sc.
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We let
L = Ze1 + Ze2 + Ze3,
and let
v = −(e1 + e2 + e3).
Then one can verify that n can be represented by F if and only if
l(n) ∈ q(v + 6L),
where q(v + 6L) = {q(v + 6w) : w ∈ L}. Now we consider the Z-lattice
M = Zv+6L. Clearly {6e1, 6e2,v} is a Z-basis of M and the gram matrix
of M with respect to this basis is
36a 0 −6a0 36 · 2rb −6 · 2rb
−6a −6 · 2rb ε

 ,
where ε := q(v) = a + 2rb + 2sc. The discriminant dM of M is equal to
64 · 2r+sabc.
We now claim that
l(n) ∈ q(v + 6L)⇔ l(n) ∈ q(M).
It is enough to show the “⇐ ” part. In fact, suppose that l(n) = q(λv+6w)
for some λ ∈ Z and some vector w ∈ L. Then we have
ε ≡ λ2ε (mod 6).
Since (6, ε) = 1 by condition (∗), we have λ ≡ ±1 (mod 6). Noting that
q(λv + 6w) = q(−λv − 6w), we therefore obtain l(n) ∈ q(v + 6L). This
confirms our claim.
We now consider the local representation of n by F . Recall that F has no
local obstruction if every positive integer can be represented by F over Zp for
all primes p. Clearly F has no local obstruction if and only if l(n) ∈ q(Mp)
for all primes p and all positive integers n. We begin with the following
Lemma.
Lemma 2.1. (i) F(x, y, z) has no local obstruction if and only if for all
primes p 6= 2, 3 we have
Mp ∼= 〈1,−1,−dM〉.
(ii) For all positive integers n, we have l(n) ∈ q∗(gen(M)).
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Proof. (i) We first consider the “ only if ” part. Suppose that F has no
local obstruction. Then l(n) = 24n + a + 2rb + 2sc ∈ q(Mp) for all primes
p. In particular, for each prime p 6= 2, 3, we have q(Mp) = Zp. This clearly
implies thatMp is isotropic for each prime p 6= 2, 3. If p 6= 2, 3 and p ∤ d(M),
then Mp is a unimodular lattice. By [19, 92:1] we have
Mp ∼= 〈1,−1,−dM〉.
Assume now that p 6= 2, 3 and p | dM . Since 1 ∈ q(Mp), by [19, 82:15] we
see that the sublattice 〈1〉 splits Mp, i.e., Mp ∼= 〈1〉 ⊥ Wp for some binary
lattice Wp. As Z×p ⊆ q(Mp), there must exist a unit εp ∈ Z×p such that
εp ∈ q(Wp). By [19, 82:15] again we have
Mp ∼= 〈1, εp, εpdM〉.
Since p ∈ q(Mp), it is easy to see that there are xp, yp, zp ∈ Zp with xp, yp ∈
Z×p such that
p = x2p + εpy
2
p + εpdMz
2
p .
This implies 0 ≡ x2p+εpy2p (mod pZp). By the local square theorem (cf. [19,
63:1]) we obtain −εp ∈ Z×2p and hence
Mp ∼= 〈1,−1,−dM〉.
This proves the “ only if ” part.
We now consider the “ if ” part. Suppose that
Mp ∼= 〈1,−1,−dM〉
for all primes p 6= 2, 3. Clearly 〈1,−1〉 is a unimodular lattice over Zp for
each prime p 6= 2. By [19, 92:1] we have
〈1,−1〉 ∼=
(
0 1
1 0
)
.
Hence we obtain
Mp ∼=
(
0 1
1 0
)
⊥ 〈−dM〉.
Clearly this implies that q∗(Mp) = Zp for all primes p 6= 2, 3.
We now turn to the cases p = 2 or 3. Suppose that p is either 2 or 3. As
(6, a+ 2rb+ 2sc) = 1, by the local square theorem (cf. [19, 63:1]) we have
l(n) = 24n+ a+ 2rb+ 2sc ∈ (a+ 2rb+ 2sc)Z×2p .
for all positive integers n. Let ηp,n ∈ Z×p such that l(n) = (a+2rb+2sc)η2p,n.
Then it is clear that
l(n) = q(ηp,n · v) ∈ q∗(Mp).
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(ii) In view of the proof of (i), we see that (ii) holds.
This completes the proof. 
We now give a brief discussion on spinor exceptions of gen(M). Suppose
that a positive integer t ∈ q(gen(M)). We call t a (primitive) spinor ex-
ception of gen(M) if t is (primitively) represented by exactly half of the
spinor genera in gen(M). In the fundamental paper [15], Kneser first inves-
tigated this topic. Later Schulze-Pillot [20] obtained necessary and sufficient
conditions for t to be a spinor exception. Earnest, Hisa and Hung [7] of-
fered a characterization of primitive spinor exceptions, i.e., a positive integer
t ∈ q(gen(M)) is a primitive spinor exception of gen(M) if and only if for
all primes p we have
θ(O+(Mp)) ⊆ NQp(√−tdM)/Qp(Qp(
√
−tdM)×) = θ∗(Mp, t), (2.1)
where θ denotes the spinor norm map on the proper orthogonal group
O+(Mp) and the symbol NQp(
√
−tdM )/Qp(Qp(
√−tdM )×) is the norm group of
extension Qp(
√−tdM)/Qp, and θ∗(Mp, t) is the group generated by prim-
itively relative spinor norms (for the precise definitions of these symbols,
readers may consult [7]).
Suppose that a square-free positive integer t is a primitive spinor excep-
tion of gen(M) with t ∈ A, where
A := {24n+ a + 2rb+ 2sc : n ≥ 0}.
Assume first t 6∈ q(spn(M)). Let p ∤ 6abc be a prime that splits in
Q(
√−tdM). Then by [21] we have tp2 6∈ q(spn(M)). Since there are
infinitely many primes that split in Q(
√−tdM ) and tp2 ∈ A for all primes
p with (p, 6) = 1, we see that there are infinitely many positive integers
n such that l(n) 6∈ q(M). Hence F is not almost universal. Assume now
that t ∈ q(spn(M)) and t 6∈ q(M). Let p ∤ 6abc be prime that is inert in
Q(
√−tdM). By [21] we know that tp2 6∈ q∗(spn(M)). As t is square-free,
we must have tp2 6∈ q(M). Since there are infinitely many primes that are
inert in Q(
√−tdM), it is easy to see that F is not almost universal. On
the other hand, by Lemma 2.1 we know that
A ⊆ q∗(gen(M)).
Suppose that every primitive spinor exception in A can be represented by
M . Then by [4, Corollary of Theorem 3] we obtain that 24n+a+2rb+2sc ∈
q(M) if n is sufficiently large. Hence F is almost universal.
We also need the following Lemma.
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Lemma 2.2. Suppose that t ∈ Z+ is a primitive spinor exception of gen(M).
Then we have
Q(
√−tdM) ∈ {Q(√−D) : D = 1, 2, 3, 6}.
Proof. As t is a primitive spinor exception of gen(M), by (2.1) we have
θ(O+(Mp)) ⊆ NQp(√−tdM)/Qp(Qp(
√−tdM)×). By Lemma 2.1 we know that
Mp ∼= 〈1,−1,−dM〉
for all primes p 6= 2, 3. Hence for all primes p 6= 2, 3 we have
Z×p ⊆ θ(O+(Mp)) ⊆ NQp(√−tdM)/Qp(Qp(
√
−tdM)×).
By local class field theory (cf. [18, Proposition 1.7, p. 323]), we see that
the extension Qp(
√−tdM)/Qp is unramified for each prime p 6= 2, 3. Hence
we must have
Q(
√−tdM) ∈ {Q(√−D) : D = 1, 2, 3, 6}.
This completes the proof. 
3. Proofs
Proof of Theorem 1.1. We first prove the “ if ” part. Suppose that
(i)− (iv) are satisfied. We shall show that t = sf(abc) is a primitive spinor
exception of gen(M). Since r ≡ s (mod 2), 2 | ν3(abc) and dM = 64·2r+sabc,
we have Q(
√−tdM ) = Q(√−1) due to Lemma 2.2. By Lemma 2.1 we have
t ∈ q∗(gen(M)) since t ≡ a + 2rb + 2sc (mod 24). We first consider the
lattice M2. By computation, one can verify that in general we have
M2 ∼= 〈ε, 2r+2εb(a + 2sc), 2r+2εa(b+ 2s−rc)〉, (3.1)
where ε = a+2rb+2sc. As s− r ≥ 3, by the local square theorem we have
M2 ∼= 〈ε, 2r+2εab, 2r+2εab〉.
Since a ≡ b (mod 4) and r ≥ 2, by [6, 1.2(b)(3)] we obtain
θ(O+(M2)) = {γ ∈ Q×2 : (γ,−1)2 = 1} = NQ2(√−1)/Q2(Q2(
√−1)×),
where (, )2 is the quadratic Hilbert symbol over Q2 (readers may refer to
[18, Chapter V, Section 3] for details). By [7, Theorem 2(b)] and the above,
we have
θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×) = θ∗(M2, t). (3.2)
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Now we consider the lattices Mp for all primes p 6= 2, 3. If p ∤ sf(abc) and
p 6= 2, 3, then by Lemma 2.1 we must have
Mp ∼= 〈1,−1, p2jup〉
for some j ≥ 0 and some up ∈ Z×p . Hence by [7, Theorem 1(a)] we have
θ(O+(Mp)) ⊆ NQp(√−1)/Qp(Qp(
√−1)×) = θ∗(Mp, t). (3.3)
Assume now that p | sf(abc). Since (ii) holds, we have −tdM ∈ −Q×2p =
Q×2p . When this occurs, we clearly have
θ(O+(Mp)) ⊆ NQp(√−1)/Qp(Qp(
√−1)×) = θ∗(Mp, t) = Q×p (3.4)
Now we consider the lattice M3. By computation, in general we have
M3 ∼= 〈ε, 9εa(2rb+ 2sc), 9ε2rb(a + 2sc)〉. (3.5)
Since (iii) holds, we must have
M3 ∼= 〈ε, 32jup, 32kwp〉
for some j, k ≥ 0 and some up, wp ∈ Z×3 . Since 3 ∤ t, by [7, Theorem 1(a)]
we obtain
θ(O+(M3)) ⊆ NQ3(√−1)/Q3(Q3(
√−1)×) = θ∗(M3, t). (3.6)
Combining (3.2), (3.3), (3.4) and (3.6), we obtain that t = sf(abc) is a
primitive spinor exception of gen(M) by (2.1). Moreover, since the equation
24F(x, y, z) + a + 2rb+ 2sc = sf(abc)
has no integral solutions, we have t 6∈ q(M). Hence by the discussion below
the proof of Lemma 2.1, we see that F is not almost universal.
We now prove the “ only if ” part. Suppose that F is not almost universal.
Then by the discussion below the proof of Lemma 2.1, there must exist at
least one primitive spinor exception in A = {24n + a + 2rb+ 2sc : n ≥ 0}.
Let t′ ∈ A be an arbitrary primitive spinor exception of gen(M). Assume
first that 2 ∤ ν3(abc). Then by Lemma 2.2 we have
Q(
√
−t′dM) =
{
Q(
√−3) if r ≡ s (mod 2),
Q(
√−6) if r 6≡ s (mod 2).
When r ≡ s (mod 2), i.e., Q(√−t′dM) = Q(√−3). Since s > r and 2 | s−r,
we have s − r ≥ 2. Hence ab + a(b + 2s−rc) ≡ 2 (mod 4Z2). This implies
that the lattice
2r+2ε〈ab, a(b+ 2s−rc)〉
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has neither even nor odd order (a Z2-lattice N has even order if ν2(q(x))
is even for every primitive vector x ∈ N with its associated symmetry
τx ∈ O(N), and N is of odd order if ν2(q(x)) are all odd for such x). By
(3.1) we know
M2 ∼= 〈ε〉 ⊥ 2r+2ε · 〈ab, a(b+ 2s−rc)〉.
Noting that Q2(
√−3)/Q2 is unramified, by [7, Theorem 2(a)] we have
θ(O+(M2)) * NQ2(
√
−3)/Q2(Q2(
√−3)×), which contradicts (2.1). When
r 6≡ s (mod 2), i.e., Q(√−t′dM) = Q(√−6). Since
M2 ∼= 〈ε, 2r+2εb(a + 2sc), 2r+2εa(b+ 2s−rc)〉,
By [7, Theorem 2(c)] we have θ(O+(M2)) * NQ2(
√
−6)/Q2(Q2(
√−6)×), which
contradicts (2.1). In view of the above, we must have 2 | ν3(abc). Hence by
Lemma 2.2 we have
Q(
√−t′dM) =
{
Q(
√−1) if r ≡ s (mod 2),
Q(
√−2) if r 6≡ s (mod 2).
As dM = 64 · 2r+sabc, we must have t′ ∈ sf(abc)Z2 = {sf(abc)u2 : u ∈ Z}.
Suppose first that r 6≡ s (mod 2), i.e., Q(√−t′dM) = Q(√−2). By (3.1)
we know that
M2 ∼= 〈ε, 2r+2εb(a + 2sc), 2r+2εa(b+ 2s−rc)〉.
Since s > r, by [6, 1.2(b)], we must have 5 ∈ θ(O+(M2)). However,
5 6∈ NQ2(√−2)/Q2(Q2(
√−2)×) = {1, 2, 3, 6}Q×22 .
Hence θ(O+(M2)) * NQ2(
√
−2)/Q2(Q2(
√−2)×), which contradicts (2.1). We
therefore have r ≡ s (mod 2) and hence Q(√−t′dM) = Q(√−1). According
to [6, 1.2(b)], if r = 1, then θ(O+(M2)) = Q
×
2 or Z
×
2 Q
×2
2 , which is not
contained in
NQ2(
√
−1)/Q2(Q2(
√−1)×) = {1, 2, 5, 10}Q×22 .
We therefore have r ≥ 2. Since 2 | s− r and s > r, we have s− r ≥ 2. By
the local square theorem, we obtain
M2 ∼= 〈ε, 2r+2εab, 2r+2εa(b+ 2s−rc)〉.
Suppose s− r = 2. Then clearly ab · a(b+ 22c) ≡ 5 (mod 8). By [6, 1.2(b)]
we must have
θ(O+(M2)) = Q
×
2 , Z
×
2 Q
×2
2 or {1,−2,−3, 6}Q×22 ,
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which is not contained in NQ2(
√
−1)/Q2(Q2(
√−1)×). We therefore have s ≥
r + 3 and
M2 ∼= 〈ε, 2r+2εab, 2r+2εab〉.
Suppose a 6≡ b (mod 4). Then we have (2r+2ab,−1)2 = −1. By [6, 1.2(b)]
we see that
θ(O+(M2)) = Q
×
2 , or Z
×
2 Q
×2
2 ,
which is not contained in NQ2(
√
−1)/Q2(Q2(
√−1)×). We therefore have a ≡
b (mod 4). By [6, 1.2(b)] again, we have
θ(O+(M2)) = {γ ∈ Q×2 : (γ,−1)2 = 1},
which coincides with NQ2(
√
−1)/Q2(Q2(
√−1)×). Hence (i) holds.
Now we consider Mp with prime p | sf(abc). As 2 | ν3(abc), we have
p 6= 2, 3. Hence by Lemma 2.1, we have
Mp ∼= 〈1, −1, p2j+1up〉
for some j ≥ 0 and some up ∈ Z×p . If −1 6∈ Q×2p , then by [7, Theorem 1(a)]
we have θ(O+(Mp)) * NQp(
√
−1)/Qp(Qp(
√−1)×), which contradicts (2.1).
Hence we have −1 ∈ Q×2p for all prime factor p of sf(abc). This implies (ii).
We now turn to M3. By (3.5) we have
M3 ∼= 〈ε, 32+ν3(a(2rb+2sc))u3, 32+ν3(b(a+2sc))w3〉,
for some u3, w3 ∈ Z×3 . As the quadratic extension Q3(
√−1)/Q3 is unram-
ified, by [7, Theorem 1(a)], θ(O+(Mp)) ⊆ NQp(√−1)/Qp(Qp(
√−1)×) if and
only if
ν3(a(2
rb+ 2sc)) ≡ ν3(b(a+ 2sc)) ≡ 0 (mod 2),
i.e., (iii) holds.
Suppose now that sf(abc) 6≡ a + 2rb + 2sc (mod 24), i.e., sf(abc) 6∈ A.
As mentioned above, we know that each primitive spinor exceptions t′ with
(6, t′) = 1 are contained in sf(abc)Z2. Since sf(abc) 6∈ A, we have t′ 6∈ A.
Due to the discussion below the proof of Lemma 2.1, we see that F is
almost universal, which is a contradiction. Hence we must have sf(abc) ≡
a + 2rb+ 2sc (mod 24). Moreover, assume that the equation
24F(x, y, z) + a + 2rb+ 2sc = sf(abc)
has integral solutions. Then it is clear that all primitive spinor exceptions
in A can be represented byM . By the discussion below the proof of Lemma
2.1, we obtain that F is almost universal. This is a contradiction. In view
of the above, (iv) holds.
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This completes the proof of Theorem 1.1. 
Proof of Theorem 1.2. We first prove the “ if ” part. As in the
proof of Theorem 1.1, we shall show that t = sf(abc) is a primitive spinor
exception of gen(M). Since r = s and 2 ∤ ν3(abc), by Lemma 2.2 we have
Q(
√−tdM) = Q(√−3).
We first focus on M2. By (3.1) we have
M
1/ε
2
∼= 〈1, 2r+2b(a + 2rc), 2r+2a(b+ c)〉,
where ε = a+ 2rb+ 2sc. By [7, Theorem 2(a)], it is easy to see that
θ(O+(M2)) ⊆ NQ2(√−3)/Q2(Q2(
√−3)×) = θ∗(M2, t)
if and only if r ≡ ν2(b+ c) ≡ 0 (mod 2).
We now consider the lattices Mp with p 6= 2, 3. With the essentially same
method in the proof of Theorem 1.1. We have
θ(O+(Mp)) ⊆ NQp(√−3)/Qp(Qp(
√−3)×) = θ∗(Mp, t)
for all p ∤ sf(abc). And for all primes p | sf(abc)
θ(O+(Mp)) ⊆ NQp(√−3)/Qp(Qp(
√−3)×) = θ∗(Mp, t)
if and only if −3 ∈ Q×2p , i.e., p ≡ 1 (mod 3).
We now turn to M3. By (3.5) we have
M
1/ε
3
∼= 〈1, 9a(b+ c)2r, 9b(a + 2rc)2r〉.
Since ν3(a(b+ c)) 6= ν3(b(a + 2rc)), by [14, Satz 3] we have
θ(O+(M3)) = Q
×2
3 ∪2ra(b+ c)Q×23 ∪2rb(a+2rc)Q×23 ∪ab(b+ c)(a+2rc)Q×23 .
Noting that (iii) implies θ(O+(M3)) ⊆ NQ3(√−3)/Q3(Q3(
√−3)×), by [7, The-
orem 1(b)], we obtain
θ(O+(M3)) ⊆ NQ3(√−3)/Q3 = θ∗(M3, t).
In view of the above, we see that t = sf(abc) is a primitive spinor exception
of gen(M). Now with the same method in the proof of Theorem 1.1, we
obtain that F is not almost universal.
We now consider the “ only if ” part. Suppose that F is not almost
universal. Clearly there is at least one primitive spinor exception in A.
Let t′ ∈ A be any primitive spinor exception of gen(M). Similar to the
proof of Theorem 1.1, it is easy to see that Q(
√−t′dM) = Q(√−3) and
t′ ∈ sf(abc)Z2. Similar to the proof of the “ if ” part, we obtain that
θ(O+(M2)) ⊆ NQ2(√−3)/Q2(Q2(
√−3)×) = θ∗(M2, t′)
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if and only if r ≡ ν2(b+ c) ≡ 0 (mod 2), and that for all primes p | sf(abc)
θ(O+(Mp)) ⊆ NQp(√−3)/Qp(Qp(
√−3)×) = θ∗(Mp, t′)
if and only if −3 ∈ Q×2p . Hence (i) and (ii) hold. For the lattice
M
1/ε
3
∼= 〈1, 9a(b+ c)2r, 9b(a + 2rc)2r〉,
by [7, Theorem 1(b)] we must have ν3(a(b+ c)) 6= ν3(b(a+ 2rc)). Hence by
[14, Satz 3] we have
θ(O+(M3)) = Q
×2
3 ∪2ra(b+ c)Q×23 ∪2rb(a+2rc)Q×23 ∪ab(b+ c)(a+2rc)Q×23 .
Then one can verify that θ(O+(M3)) ⊆ NQ3(√−3)/Q3(Q3(
√−3)×) if and only
if (iii) holds. Finally, similar to the proof of Theorem 1.1, the condition (iv)
holds.
This completes the proof. 
Proof of Theorem 1.3. We first prove the “ if ” part. As in the
proof of Theorem 1.1, we shall show that t = sf(abc) is a primitive spinor
exception of gen(M). Since r = s and 2 | ν3(abc), by Lemma 2.2 we have
Q(
√−tdM) = Q(√−1).
We first focus on M2. By (3.1) we have
M
1/ε
2
∼= 〈1, 2r+2b(a + 2rc), 2r+2a(b+ c)〉.
As (i) holds, by [6, Theorem 2.7] the spinor norm group θ(O+(M2)) can
be obtained by the following way. Let U ∼= 〈1, 2r+2b(a + 2rc)〉, and W ∼=
〈2r+2b(a + 2rc), 2r+2a(b+ c)〉 be two binary Z2-lattices. Then
θ(O+(M2)) = q(P(U))q(P(W ))Q×22 , (3.7)
where P(U) (resp. P(W )) is the set of primitive anisotropic vectors in U
(resp. W ) whose associate symmetries are contained in O(U) (resp. O(W )).
We first consider q(P(U)). Suppose that x,y ∈ U is a Z2-basis of U with
q(x) = 1 and q(y) = 2r+2b(a + 2rc). For any σ ∈ O+(U), by [19, 43:3b]
there is an anisotropic primitive vector z ∈ U such that σ = τxτz. It is easy
to see that τz ∈ O(U), i.e., z ∈ P(U). Hence θ(O+(U)) ⊆ q(P(U))Q×22 .
Conversely, for each z ∈ P(U), we have τxτz ∈ O+(U), i.e.,q(P(U))Q×22 ⊆
θ(O+(U)). Hence
q(P(U))Q×22 = θ(O+(U)).
Similarly, we have
q(P(W ))Q×22 = 2r+2b(a + 2rc) · θ(O+W ),
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Also, the formulae for the spinor norm group of non-modular binary Z2-
lattice can be found in [5, 1.9]. From this and [7, Theorem 2(b)], one can
verify that
θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×) = θ∗(M2, t′).
We now consider the lattices Mp with p 6= 2, 3. With the essentially same
method in the proof of Theorem 1.1. We have
θ(O+(Mp)) ⊆ NQp(√−1)/Qp(Qp(
√−1)×) = θ∗(Mp, t)
for all p ∤ sf(abc). And for all primes p | sf(abc)
θ(O+(Mp)) ⊆ NQp(√−1)/Qp(Qp(
√−1)×) = θ∗(Mp, t)
if and only if −1 ∈ Q×2p , i.e., p ≡ 1 (mod 4). Moreover, since
M3 ∼= 〈ε, 9εa(2rb+ 2sc), 9ε2rb(a + 2sc)〉,
by [7, Theorem 1(a)] we see that
θ(O+(M3)) ⊆ NQ3(√−1)/Q3(Q3(
√−1)×) = θ∗(M3, t)
if and only if (iii) holds. With the same method in the proof of Theorem
1.1, we see that F is not almost universal.
We now consider the “ only if ” part. Suppose that F is not almost
universal. Then there is at least one primitive spinor exception in A. Let
t′ ∈ A be any primitive spinor exception. In view of the above, it is easy to
see that Q(
√−t′dM) = Q(√−1) and t′ ∈ sf(abc)Z2. Similar to the proof of
the “ if ” part, we obtain that for all primes p | sf(abc)
θ(O+(Mp)) ⊆ NQp(√−1)/Qp(Qp(
√−1)×) = θ∗(Mp, t′)
if and only if −1 ∈ Q×2p , i.e., (ii) holds, and that
θ(O+(M3)) ⊆ NQ3(√−1)/Q3(Q3(
√−1)×) = θ∗(M3, t′)
if and only if (iii) holds.
We now turn to
M
1/ε
2
∼= 〈1, 2r+2b(a + 2rc), 2r+2a(b+ c)〉.
Suppose first r = 1. Then by [5, 1.9] we have
q(P(U))Q×22 = θ(O+(U)) = {γ ∈ Q×2 : (γ,−2b(a+ 2c))2 = 1},
and
q(P(W ))Q×22 = 2b(a + 2c) · θ(O+(W )).
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By (3.7) we clearly have 2b(a+2c) ∈ θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×).
Hence we have b(a + 2c) ≡ 1 (mod 4). However, as b(a + 2c) ≡ 1 (mod 4),
there is a 2-adic unit γ ≡ 3 (mod 4Z2) such that (γ,−2b(a+2c))2 = 1. This
implies that b(a+2c)γ ≡ 3 (mod 4Z2) is in NQ2(√−1)/Q2(Q2(
√−1)×), which
is a contradiction. Hence we must have r ≥ 2. We first consider the case
r ≥ 3. In this case, we have
M
1/ε
2
∼= 〈1, 2r+2ab, 2r+2a(b+ c)〉.
By [5, 1.9] we obtain
q(P(U))Q×22 = Q×22 ∪ 2r+2abQ×22 .
As q(P(W )) = 2r+2ab · θ(O+(W )), we have
2r+2ab ∈ θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×),
and hence ab ≡ 1 (mod 4). If ν2(b+ c) = 1, 3, then by [5, 1.9] again we have
q(P(W ))Q×22 = 2r+2ab · {γ ∈ Q×2 : (γ,−2b(b+ c)o)2 = 1}.
Then there is a 2-adic unit γ ≡ 3 (mod 4Z2) with (γ,−2b(b + c)o)2 = 1.
This shows that abγ ≡ 3 (mod 4Z2) is contained in NQ2(√−1)/Q2(Q2(
√−1)×),
which is a contradiction. Hence ν2(b+ c) 6= 1, 3. By [5, 1.9] we also have
θ(O+(W )) =


{γ ∈ Z×2 : (γ,−b(b+ c))2 = 1}Q×22 if ν2(b+ c) = 2,
{1, 5, b(b+ c), 5b(b+ c)}Q×22 if ν2(b+ c) = 4,
{1, b(b+ c)}Q×22 if ν2(b+ c) ≥ 5.
Then by (3.7) it is easy to see that θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×)
if and only if b(b + c)o ≡ 1 (mod 4). Now we consider the case r = 2. In
this case,
M
1/ε
2
∼= 〈1, 24b(a + 4c), 24a(b+ c)〉.
Suppose ν2(b + c) = 1, 3. Then by [6, Theorem 2.2] we have θ(O
+(M2)) =
Q×2 * NQ2(
√
−1)/Q2(Q2(
√−1)×), which contradicts (2.1). Hence ν2(b+ c) 6=
1, 3. By [5, 1.9] we have
q(P(U))Q×22 = θ(O+(U)) = {1, 5, b(a+ 4c), 5b(a+ 4c)}Q×22 .
As
q(P(W ))Q×22 = b(a + 4c) · θ(O+(W )),
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we have b(a + 4c) ∈ NQ2(√−1)/Q2(Q2(
√−1)×). Hence ab ≡ 1 (mod 4). By
[5, 1.9] again, we have
θ(O+(W )) =


{γ ∈ Z×2 : (γ,−b(b+ c))2 = 1}Q×22 if ν2(b+ c) = 2,
{1, 5, b(b+ c), 5b(b+ c)}Q×22 if ν2(b+ c) = 4,
{1, 5b(b+ c)}Q×22 if ν2(b+ c) ≥ 5.
Hence θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×) if and only if b(b + c)o ≡
1 (mod 4). In view of the above, (i) holds. With the same method in the
proof of Theorem 1.1, the condition (iv) holds.
This completes the proof. 
Proof of Theorem 1.4. We shall show that there are no primitive
spinor exceptions of gen(M) in A, which implies that F is almost universal
by the discussion below the proof of Lemma 2.1. Suppose that there is a
primitive spinor exception t ∈ A. We divide the remaining part of proof
into the following cases.
Case I. ν3(abc) is odd.
By Lemma 2.2 we have Q(
√−tdM ) = Q(√−3). By (3.1) we have
M
1/ε
2
∼= 〈1, 23a(b+ c)o, 22+ν2(a+c)b(a+ c)o〉.
Since Q2(
√−3)/Q2 is unramified, by [7, Theorem 2(a)] we have
θ(O+(M2)) * NQ2(
√
−3)/Q2(Q2(
√−3)×).
This contradicts (2.1).
Case II. ν3(abc) is even.
By Lemma 2.2 we have Q(
√−tdM) = Q(√−1). Now we consider M2.
Suppose first that a ≡ b ≡ c (mod 4). Then
M
1/ε
2
∼= 〈1, 23a(b+ c)o, 23b(a+ c)o〉.
By [6, 1.2], we have
θ(O+(M2)) = Q
×
2 or Z
×
2 Q
×
2 ,
which is not contained in NQ2(
√
−1)/Q2(Q2(
√−1)×). This contradicts (2.1).
Suppose now a 6≡ b ≡ c (mod 4). Then
M
1/ε
2
∼= 〈1, 23a(b+ c)o, 22+ν2(a+c)b(a+ c)o〉.
Similar to the proof of Theorem 1.3, we have
θ(O+(M2) = q(P(U))q(P(W ))Q×22 ,
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where U ∼= 〈1, 23a(b + c)o〉 and W ∼= 〈23a(b + c)o, 22+ν2(a+c)b(a + c)o〉. By
[5, 1.9] we have
q(P(U))Q×22 = {(γ,−2a(b+ c)o)2 = 1},
and
q(P(U))Q×22 = 2a(b+ c)o · θ(O+(W )).
Clearly, 2a(b + c)o ∈ θ(O+(M2)) ⊆ NQ2(√−1)/Q2(Q2(
√−1)×). This gives
a(b+ c)o ≡ 1 (mod 4). However, when this occurs there must exist a 2-adic
unit γ ≡ 3 (mod 4Z2) such that (γ,−2a(b + c)o)2 = 1. This implies that
γa(b+ c)o ≡ 3 (mod 4Z2) is contained in NQ2(√−1)/Q2(Q2(
√−1)×), which is
a contradiction.
In view of the above cases, we see that there are no primitive spinor
exceptions in gen(M). Hence F is almost universal.
This completes the proof. 
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